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1. INTRODUCTION 
1. Let G be a group and H a subgroup of G. Following P. Hall [4], we 
write H 4% G if and only if there exists a chain 
H = H,, u f-G-1 -4 .-. (1 III Q H,, = G 
connecting H to G. A subnormal subgroup II of G is therefore one for which 
H dn G for some n. We write U for the class of all groups in which every 
subgroup is subnormal and 5% for the class of all nilpotent groups. It is well 
known (see [IO], p. 141) that ‘Jt is contained in U. Whether U coincides with ‘3 
or not is effectively the unsolved problem number 22 of the Kurog and 
Cernikov survey [7]. This is an exceptionally difficult problem and we can 
do no more here than reduce it slightly. 
‘Vliriting Ei, for the class of all groups which can be generated by n elements, 
we define U,,, to be the class of all groups G such that H Q” G for every 
@,-subgroup H of G. We denote by 91, the class of all groups which are 
nilpotent of class at most n. Our main result may be stated as 
THEOREM 1. To every positive integer n there correspond positive integers 
,ul(n) and p2(n), depending only on n, such that 
LI ?LP2(?o G %,(n) - 
I f  U, denotes the class of all groups G with H 4” G for every subgroup 
H of G, then obviously U, < fir:, U,,, . Hence the 
COROLLARY. 
bin < q,,, . 
Since 111 = uoo !R,, , this result reduces the KuroE and Cernikov problem 
to the question:%es 11 coincide with ur=, U,? 
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2. Throughout this paper we reserve the symbols ~~(a, /3, y, . ..). 
i = 1,2,3, . . . to denote positive integers depending only on the arguments 
% B, Y> *-* explicitly shown in the brackets. We do not know if Theorem 1 
can be improved to U,,, < ‘%,+) for some suitable pa(n) and we leave this 
question open. However, as far as soluble groups are concerned, some 
improvement in the subnormality hypothesis is possible, although this is 
rather at the expense of a deterioration in the conclusion. 
For any group G we denote by Gcn) (n > 1) the nth term of the derived 
series of G. We write 6, for the class of all groups G for which G(“) = 1. 
Our result for soluble groups may be written 
THEOREM 2. To every pair n, m of positive integers there corresponds 
&n, m) such that 
3. The proof of Theorem 1 has an intimate connection with the study of an 
extremely special class Xn of groups, defined by: G EX, if and only if 
r,{H’} < H for every @,-subgroup H of G. Here, as usual, {H’} means the 
normal closure of H in G, that is, the subgroup of G generated by H and 
all its conjugates in G. For any group K, the nth term of the lower central 
series of K is denoted by F,(K). 
For X,-groups we shall prove 
THEOREM 3. To every positive integer n there corresponds p5(n) such that 
%a G %&) * 
Suppose that G E X, and that H is any subgroup of G. r,{H’> is generated 
by all the commutators of the form x = [hyl, hiz, . . . . h2] with hi E H, gi E G, 
1 < i < n. If  HI = Gp{h, , h, , . . . . h,}, then x E m{H,“}. But HI is a 6,- 
subgroup of G, so that from the definition of Em we have m{H,“} < HI. 
Hence x E HI . However, HI < H so that r,{H’} < H. Again it is well 
known (see [IO], p. 141) that for any positive integer Y, %r < U, . This 
shows that H @-l {H’} and hence H Q G. Therefore X, < U, and 
Theorems 2 and 3 combine to give the 
Here, of course, ps(n) can be taken as p&, &4). 
4. Let us remark once and for all that U, , U,,, , and 3, all coincide, 
obviously, with the class of all groups in which every subgroup is normal. 
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These are the Hamiltonian groups studied by Dedekind in [l]. It is now 
well known (see [IO], p. 160) that a Hamiltonian group is either Abelian or 
else a direct product of an Abelian group with a quaternion group. In any 
case such a group is nilpotent of class at most 2, so that 
This will be the basis of a proof of Theorem 1 by induction on n. Under 
the assumptions that n -3, 1 and that we know already pr(n - 1) and&n --- 1) 
with ~n--l,~z,n-l~ < \J$Lltn--l) , we shall show that we can find pa(n) so that 
11 n,p,,nj is contained in x,+11j for some suitable &n). The theorem will then 
follow from the corollary to Theorem 3, by taking p,(n) to be &+(n)). 
The induction step uses both Theorem 2 and Theorem 3. We therefore prove 
these first, concluding in Section 4 with the proof of Theorem 1. 
5. We gratefully acknowledge the many very valuable suggestions we 
received from Professor P. Hall while these arguments were still in gestation. 
Particularly would we thank him for permission to use his unpublished 
Lemma 5 below, which is vital to our proof of Theorem 3. 
2. PROOF OF THEOREM 2 
1. We shall show that U,,, n ‘S,,, :< 91cL1C71,,,,, by induction on M. Since 
$-groups are Abelian, we may take p4(n, 1) to be 1. We need to establish 
the existence of pL4(n, 2) before the induction will work. We therefore begin 
the proof with a discussion of metabelian LL,,,-groups. 
Let G be a group and H a subgroup of G. We shall use the notation 
yrGHr of P. Hall [5] to denote the repeated commutator subgroup 
[G, H ,..., H]. 
T 
I f  x and y  are elements of G, we shall follow Gruenberg [3] and write the 
repeated commutator 
[y, 2, . . . . x] 
T 
as [y, ?x]. I f  G happens to be a Un,i-group, then {x} an G and there is a 
chain (x} = X-, u X,-i u ... 4 X1 4 X0 = G. It is easy to see that for 
each Y, 0 < r < n, [y, rx] E X, . Hence [y, n+l~] = 1. Denoting by c4, the 
class of all groups K in which the nth Engel condition [a, $1 = 1 holds for 
all a, b in K, we may say 
GROUPS WITH EVERY SUBGROUP SUBNORMAL 405 
Many results about soluble C&-groups are known. The most useful to 
our purpose is Lemma 4.2 of [3]. This states that if n 3 2 and G E En n $ , 
then y1+2”-2AG1+2n-2 = 1, where A = G”LR(+~) and p&n) is defined inductively 
by ps( 1) = 1 and for n > 1, ps(n) = n[&n - l)]“. In view of the inclusions (l), 
we may take this result for U, .,-groups and state 
LEMMA 1. 1f G E U,,, 17 6, , then 
G’PO) < 2 1+2dG)* 
As usual, for any group K, Z?(K) denotes the ith term of the upper central 
series of K. 
Now let G be in U,,, n 6, . We write G for the factor group of G relative 
to z i+&G). As a factor group of a &,-group G is a &,-group. Moreover, 
from Lemma 1, the derived group G’ of G has finite exponent at most 
p&n). Suppose we have proved 
LEMMA 2. Let K E U,,, CT 6,. I f  Kfwr = 1, then K E iRF,,n,m, . 
Then the existence of p4(n, 2) will follow. For G satisfies the hypothesis 
on K of Lemma 2 with ps(n) replacing m. Hence G is nilpotent of class at 
most &n, p*(n)). It follows that G itself is nilpotent of class at most 
1 + 2+l + &n, ps(n)). This integer may be taken for p4(n, 2). 
2. We prove Lemma 2. Let G E 6, and suppose that H is a subgroup of G. 
If  Z? = {HG}, then R’ = H’(y2GH2), since G’ is Abelian. It follows quickly 
by induction that for each m > 1 
r,(R) = T,(H). y”GH”. (2) 
Now H Q+ G if and only if yrGHr < H. Hence and from (2) H or G if and 
only if r,(R) < H. Recalling the definition of 3E, , we could say that 
h,, n 6, G x, n 6,. (3) 
Suppose now that K is in U,,, n 6, and that ICm = 1. If  x is any element 
of K, then from (3) r = m{x”} < {x}. S’ mce r is a characteristic subgroup 
of {x”}, it is normal in K. Hence r 6 n,,,{Xk}. Therefore [r, {#}I = 1. 
Thus 
@“I E %I for every XEK. (4) 
By a well-known theorem of Fitting [2], it follows that if xi , . . . . x, are any 
n elements of K and if X = Gp{x, , . . . . x,}, then {XK} E ‘%2,2 . Since X is an 
n-generator subgroup of {X”}, 
XE%+nQ,. (5) 
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From well-known properties of nilpotent and polycyclic groups (see [6], 
p. 152ff.), any subgroup of an 91, n @,-group can be generated by 
s $- s2 + ... + sT elements. If  we write pro(n) = n $ n2 -I- ... + nn2, then (5) 
shows that any subgroup of X is in (flllo(nj . From (3), K E X, . Hence 
L = m{XK] < X and L E ~5Pilu~70 . 
At this point we suppose that n ;z 2, since from the remarks in Section 1,4 
~~(1, m) can be taken as 2. L is therefore contained in K’ which is Abelian 
and of finite exponent at most m. Since L E (5P10(11j , L is finite and has order 
at most rnl’ln(n’. However L is a normal subgroup of K and (4) shows that 
K is locally nilpotent. Mal’cev has shown that minimal normal subgroups 
of locally nilpotent groups are central and of prime order (for a proof, 
see [9]). It is easy to see that this implies that L is contained in Zu,,,n.m,(K), 
where pit(n, m) is the least integer greater than pn,(n) log, m. 
Since [xi, x2, . . . . x,J is obviously contained in L and xi , x2, ,.., x7> were 
arbitrary elements of K, this shows that I’n+Wll~n,nl~(K) = 1. Hence K is 
nilpotent of class at most n - 1 + pii(n, m), which integer can be taken for 
ka(n, ml. 
3, The proof of Theorem 2 is completed by an induction argument. We 
assume that m is greater than 2 and that for each Y, 1 < Y < m, there exists 
p4(n, r) with 
II,,, n s, < qll(r,,r). 
Let G E U,,, n 6,. Since both factor groups and subgroups of &,-groups 
are again Un,n-groups, G’ E II,,, n 6,-i and G / G@) E U,,, n 6,. From the 
induction hypothesis, G’ E ‘%Mg(n,rrL+-lj . By the metabelian case 
G I Gt2’ E %dcn.2~ . 
The following result (see [5], Theorem 7) now shows that GE (J1p,Cn,rrL, 
where &rz, m) is defined to be &p&n, m - I), p4(n, 2)]. 
LEMMA 3. Let L be a normal subgroup of a group K. If  L E %, and 
K 1 L’ E ?RZd, then K E ‘Jlulzcc,d, where 
3. PROOF OF THEOREM 3 
1. For any group K we define u(K) to be the set of all elements x of K 
for which {x”} is Abelian. 
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Let G be any &group. We define G, = 1 and Gi for i > 1 inductively by 
Gi 1 Gi-, = Gp{a(G / Gi,)}. 
The Gi are characteristic subgroups of G and form a chain 
1 = G, < Gr < G, < ..a < G, = G, (1) 
of length at most n. For, as in the proof of Lemma 2, it can be shown that 
{x”} E ?Rnn for every element x in G; and it is easy to see that any normal 
!&-subgroup of G is contained in G, . 
Since factor groups and subgroups of X,-groups are again X,-groups, 
every factor Kj = Gj 1 G,-r (0 < j < n) of the series (1) is in X, . It follows 
from the definition of the subgroups G, that also Kj = Gp{or(K,)}. I f  every 
Ki belongs to 6P,,(nj for some suitable pra(n), then G will belong to 6p6(n) 
with pr,(n) = npra(n). 
To establish Theorem 3, therefore, it is sufficient to prove that if 
K = Gp{or(K)] E xn , then K E 6,13(,) . 
2. For any group H we write CL,(H) for the subset of a(H) comprising all 
the elements x in a(H) for which {fi} E ~5~ . 
Let K = Gp{or(K)} E X, and suppose that x1 , xa , . . . . x, are any 12 elements 
in or(K). Let X = Gp{x, , xa , . . . . x,}. It can be shown by an argument 
exactly similar to that used in the proof of Lemma 2 that the Abelian normal 
subgroup r,{X”} of K can be generated by &n) = n + n2 + -.. + nn 
elements. Since T,(K) is generated by all the commutators of the form 
[x1 9 x2 , -em, x,] with xi E a(K), 1 < i < 71, we may say that 
where H = GP{o~,J,$% 
r,(K) < H, (2) 
I f  we show that H is soluble of derived length at most some prs(n) it will 
follow from (2) that K E E$,o with &n) = n + prs(n). Theorem 3 will 
therefore follow, merely by taking pr5(n) to be &~r~(n)) + 1, from 
THEOREM 4. If H = Gp{ar,(H)} then Tp16(,)(H) is Abelian, where 
p&s) = &?2(5?2 - 1) + 1. 
3. We begin the proof of Theorem 4. Let Gr be any torsion-free nilpotent 
group and suppose that A is an Abelian normal subgroup of Gr of torsion-free 
rank Y  2 1. If  2 = Z,(G,) then by a result of Mal’cev [8], Gr 1 2 is torsion- 
free. Since A n Z > 1, this shows that A / A n 2 has rank strictly less 
than Y. An easy induction on r now shows that A < Z,(G). 
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I f  G is any locally nilpotent torsion-free group and if B is any normal 
Abelian @,.-subgroup of G, then H has finite rank at most Y. The previous 
remark implies that if G, is any finitely generated subgroup of G containing 
B then B < Z,.(G,). Consequently B < Z,(G). 
Since any group generated by Abelian normal subgroups is locally nilpotent, 
we may state 
LEMMA 4. Let !I = Gp{cu,(H)]. I f  H is torsion-free then H E pi,, 
Non- let H = Gp{a,,(H)) be any group generated by its normal Abelian 
(&-subgroups. Let P be the subgroup of H consisting of all the elements 
of finite order in H. Then (see [lo], App. E, Ex. 20(g)) the factor group 
n = H 1 P is torsion-free, and clearly g = Gp{ol,,(R)j. From Lemma 4, 
I? E 9t,, . Hence 
C,,,(H) SS I’. (3) 
Let xi , sa , . . . . s,,+r be elements of n,,(H) and write X for Gp{[s, , . . . . ,s,, J”). 
Since T’,,.~,(H) is generated by all such subgroups X, and since &z(.5n - I) .I w, 
it will be sufficient for Theorem 4 to show that S is centralized by 
r = ~,i,,cdW 
Now X is an Abelian normal subgroup of H contained in a,,(n). (3) shows 
that X is periodic. Hence S is the direct product of its Sylowp-subgroups X,] , 
each of which is a normal finite Abelian t&-subgroup of H. It will be sufficient 
to show that each -\I,, is centralized by lY 
1,et CD be the centralizer in II of X-,, . We must show that the factor 
group 4 ~: H C,, is contained in 91~,(,,..,) . However, it is not difficult 
to see that H, is a finite p-group generated by its normal Abelian subgroups, 
so that fID t !Rin(s,,,) will follow from showing that fI, t cf,:,,(,,,+,) . But 
lTr, may be regarded as a p-subgroup of the automorphism group of the finite 
Abelian &,-p-group Xi, . Th e proof of Theorem 4 will therefore be completed 
with 
LEMMA 5. If =1 is a finite Abelian p-group in 6,,, , then anal p-subgroup of 
A%ut .‘I is contained in (FJ,(,,~,) . 
4. Let il be a finite Abelian p-group generated by n elements and let P 
be any p-subgroup of Aut A. We write A additively. I f  K is the centralizer 
in P of A 1 $A, then P 1 K can be regarded as a p-subgroup of Aut(d 1~~4). 
A / pA is elementary Abelian of order at most p”. It is well-known (see [ZO], 
p. 142) that a Sylow p-subgroup of the automorphism group of an elementary 
Abelian p-group of order p” is ~~(+i)/~. Hence P / K can be generated by 
&(R - 1) elements. Since $z(% - 1) -- &z(n - 1) is 2n2, it suffices to show 
that K lies in Vi,,? . 
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If pA = 1 then K = 1 and there is nothing more to prove. We suppose 
therefore that A has exponent pm greater than p. For every element f3 f  1 
of K we define s = s(8) to be the unique integer 1 < s < m for which 0 
centralizes A / p8A but does not centralize A / ps+lA. If  a, , aa , . . . . a, are a 
set of generators of A then for each i, I < i < n, 
where the n2 integers Bii are not all divisible by p. If  we write 0 for the 
n x n matrix (Sij) we may represent 0 in the obvious way by the 71 x n 
integer matrix 
1 + P”@, 0 + 0 (modp). 
We note that if r is the last integer for which YS < m, then 8-l is repre- 
sented by 
1 -pp"@ +pzs@z - . . . j-pm@, (4) 
while if 4 is any nonunit element different from 0-l in K represented by 
1 + pt@, @ $0 (mod p), then 04 is represented by 
(1 +pq1 +pq. (5) 
Let d be the minimum number of generators of K. For any minimal set 
01 9 u2 , -**> CT~ of generators of K we define the s-value s(ui , . . . . ud) of the set 
to be Cz=, ~(0~). We suppose that 0, , 0, , ,.., ed is a minimal set of generators 
of K with maximal possible s-value. We suppose that the set is ordered 
so that if ~9~ , 1 < i < d, is represented by 1 + psi@, , Oi + 0 (mod p), then 
1 < s1 < sa < ..* < Sd . 
0, ) 0, ) . . . . 0, , reduced modulo p, may be regarded as elements of the 
n2-dimensional vector space of TZ x n matrices with coefficients from the 
field of p elements. If  d > 2n2 then either 1 = s1 = s2 = *.a = snz+r and 
there is a first Y, 1 < I < n2 + 1 such that a relation of dependence 
T-l 
0, = cXjOj (modp), O<h,<p (6) 
exists between 0, , 0,) . . . . 0, ; or else 1 < s,++r < **+ < sd and there exists 
a first t, n2 + 1 < t < d such that a relation of dependence 
t-1 
0, = 2 AjO, (modp), O<Xj<P (7) 
j=nZ+l 
exists between On2+r, . . . . 0,. 
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In the first case we define 0 by 
(8) 
It then follows easily from (4) and (5) that 0 is represented by I -1~0, where 
T-l 
0 ~~~ --0, + cAjOj (modp). (9) 
i=l 
(6) and (9) together now show that 0 = 0 (mod p), so that 0 centralizes 
A j p2A. Hence 
s(O) > 1. (10) 
But 0?. E Gp(0, , . . . . 8,.-i , S} from (8), so that 8, , . . . . BrP1 , 0, ori , . . . . 8, , is 
also a minimal set of generators of K; and from (IO) this set has s-value 
44 ) . ..) er-l ) 8, e,,1 ) . . . . 0,) ;-. s(B1 , . ..) 0,). This contradicts the choice of 
e 8,. 1 , ***, 
In the second case, we define 0 by 
t-1 
/ j  = &l n (p'"' , vj = St --- sj 
i=n2+1 
Since all the sj , j 2 rC +- 1, are greater than I, it follows from (4) and (5) 
that qipyj is represented modulo pslcl by 1 + p” A,@, . IHence 19 is represented 
by 1 +p”@, where 
I--l 
@ G -@, .I 2 XjOj (mod p). 
i=rl"+l 
From (7), 0 m= 0 (mod p), therefore 0 centralizes A j p’!--l. As before this 
leads to s(0) > st and so ~(0, , . . . . 0,. i , 0, 8, i , . . . . 0,) ; ~(8, , . . . . 0,). again 
contradicting the choice of 8, , . . . . 0, . 
These contradictions show that d < 2n”, and this completes the proof of 
Lemma 5. 
4. PROOF OF THEOREM 1 
1. We have already remarked that U,,, < !R, and that this provides a 
starting point for a proof of Theorem 1 by induction on II. For the induction 
step the vital result is 
LEMMA 6. Suppose that t c_ s and that H is any (ri,-subgroup of the 
I&,-group G. If  Hj = Gp{H, ylzpjGH71+‘), 0 < j < n, then 
fey each j, 0 <j < n. 
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Suppose that 0 <j < n and that Y 1 Hjel is any @+,-subgroup of 
Hi / HiPI. We must show that Y ~j Hi. 
There exists a @iPt-subgroup X of Hi with Y = H,-,X. If K = Gp{H, X} 
then Y = H,-,K and it is sufficient to show that K Q’ Hi. But K E Es so 
that K qn G and ynGKn < K. If we define Kj = Gp{K, yn+GKn-i>, then 
K ~j Kj. However since H < K < Hi it is clear that K < Hi < Kj. 
It follows immediately that K dj Hj as required. 
2. We now suppose that n is greater than 1 and that for each Y, 1 < Y < n, 
we have determined pi(y), pa(r) so that 
u r,!+(r) G %Jl(7) - 
We write p,(n) for 1 + pe(n, (n - l)p.,(n - 1)) and we define &n) by 
P&-> = b& - 1) + cL7W 
We shall show that U,,+) is contained in x,,+) . Theorem 1 will follow from 
the corollary to Theorem 3 by taking pi(n) = p&(n)). 
Let G E %p,(n) and suppose that H is any @+-subgroup of G. Since 
p,(n) < &n), H 4” G. If we define H5 for 0 ,<J < n by 
Hi = Gp{H, yn-jGH+j}, 
then H = Ho and for each j, 0 < j < n, Hj / Hjvl E Ui,+-i) by Lemma 6. 
Since j < n, Uj,+-r) is contained in U,-l,pz(n-l) . This latter class is contained, 
by the induction hypothesis, in !JQ-r) . Hence Hj 1 Hj-1 E ‘R~l(,-l) . If 
m = (n - l)p,(n - 1) then it follows that 
If I? = H,+, 1 Hi4 , then n E 6, n Un,n, for obviously n < &n) and 
both factor groups and subgroups of &,-groups are &,-groups. By 
Theorem 2, RE !$++ But p,(n) = 1 + p4(n, m), so that r+,(@ = 1. 
That G belongs to E,+) now follows from (1) and the fact that Hndl = {H’}. 
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